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We show that the diffractive forward production of two quarkonia, especially the χcJ and
ηc states, in proton-proton or proton-ion collisions can access the Weizsa¨cker-Williams gluon
Wigner distribution of the proton. We use the hybrid factorization approach where the
collinear, double gluon PDF is applied for one of the protons and the kT -dependent (Wigner
or GTMD) distribution for the other. The production of quarkonia is treated in the NRQCD
framework. A particularly concise formula is obtained for double χJ=1 production.
PACS numbers: 24.85.+p, 12.38.Bx, 14.20.Dh
I. INTRODUCTION
In hadron physics research, one of the ultimate goals is to depict the colorful and kaleidoscopic
multi-dimensional landscape of the internal structure of hadrons including nucleons and nucleus.
In particular, in addition to the longitudinal momentum distribution of partons inside hadrons
as given by the Feynman parton distributions, we also intend to learn about the transverse spa-
tial (generalized parton distributions (GPD)) and transverse momentum (transverse momentum
dependent (TMD)) distributions. The so-called quantum phase space Wigner distributions [1–3]
encode all the above important informations and are viewed as the mother distributions of all.
In practice, since it is rather difficult to directly measure the spatial transverse coordinates in
high energy scatterings, we also normally define the generalized transverse momentum distribution
(GTMD)[4–6] as the Fourier transform of the corresponding Wigner distribution for quarks and
gluons.
Interestingly, as pointed out in Refs. [7–11], quark and gluon TMDs are not unique due to
different possible structures of gauge links representing the initial and final state interactions. As
far as the gluon TMDs are concerned, there are at least two nontrivial gluon distributions whose
difference becomes crucial especially in the small-x region. One is known as the dipole gluon
distribution which contains the dipole-shaped configuration of gauge links, while the other is called
the Weizsa¨cker-Williams (WW) gluon distribution which features either a future-pointing or past-
pointing gauge link, but not both. Naturally, one expects that this kind of complication should
also persist in the case of Wigner distributions and GTMDs.
Generally speaking, up to now, the HERA experiment has provided us with the most precise
knowledge of Feynman parton distributions for a large range of x region, through the inclusive deep
inelastic scattering (DIS) process. Furthermore, less inclusive processes, such as the semi-inclusive
DIS (SIDIS) and the deeply virtual Compton scattering (DVCS) can help us gain insights on the
TMDs and GPDs, respectively. The important question here is whether one can probe the Wigner
distributions or GTMDs experimentally. It is rather challenging to achieve such a goal because,
obviously, one has to consider more exclusive/complicated processes than SIDIS and DVCS.
2Recently, we have found that the goal of measuring the gluon Wigner distributions can be
achieved at the future electron-hadron colliders [12], such as the planned electron-ion colliders
(EIC) and the large hadron electron collider (LHeC) [13–15]. Specifically, the dipole gluon Wigner
or GTMD can be probed in diffractive dijet process in the small-x region at EIC [16]. Subsequently,
there have been a lot of progress on this topic in the last two years [17–28]. Especially, one can
access and study the extremely evasive gluon orbital angular momentum with the help of the
spin-dependent gluon GTMD as discussed in Refs. [20, 21, 23, 27, 29–31].
On the other hand, it has been realized already in Ref. [12] that the Weizsa¨cker-Williams Wigner
(WWW) distribution is more difficult to access. One possibility, as suggested in [12], was to look at
a process involving two incoming photons and four outgoing jets at EIC. However, the transition
rate would be too small to make it a realistic measurement. The objective of this paper is to
show that it is possible to rather directly probe the WWW distribution and WW type GTMD for
small-x gluons in the production of two heavy scalar quarkonia such as χc and ηc in the forward
rapidity region in diffractive pp and pA collisions pp, pA→ χcχcpX.
The rest of the paper is organized as follows. We first introduce the WW gluon GTMD and
briefly describe the process we will consider in this paper, i.e., double quarkonia production in
the hard diffractive processes in pp and pA collisions. In Sec. III, we derived the amplitude for
the double quarkonia production through double gluon scattering on the nucleon/nucleus targets.
These amplitudes will be converted into pp/pA collisions cross sections in Sec. IV by applying the
double parton scattering framework for the incoming two gluons from the projectile. In Sec.III and
IV, we derive the results for both η and χ. In particular, we will present the explicit differential
cross sections on different combinations of two quarkonia states of η, χ0,1,2. Finally, we summarize
our paper in Sec. VI.
II. WEIZSA¨CKER-WILLIAMS GLUON GTMD
We start by writing down the Weizsa¨cker-Williams (WW) gluon GTMD. For the ‘target’ proton
fast-moving in the negative z-direction we define
xGij (K,∆) ≡ 2
∫
d3z
P− (2π)3
eixP
−z+−iK·z
〈
P − ∆
2
∣∣∣Tr [U †±F−i(z/2)U±F−j(−z/2)]∣∣∣P + ∆2
〉
,
(1)
where U± is the staple-shaped fundamental Wilson line connecting the points z/2 and −z/2 via
light-like Wilson lines encircling x+ = ±∞. Boldface letters denote two-dimensional vectors.
We have kept the transverse indices i, j = 1, 2 open because this is what we shall need in later
calculations. In the small-x region, we may approximate eixP
−z+ ≈ 1 and find (c.f., [11])
xGij (K,∆) ≈ − 2
αs
∫
d2b1d
2b2
(2π)4
e−i∆·
b1+b2
2
−iK·(b1−b2)
〈
P − ∆2
∣∣∣Tr [(∂iU †b1
)
Ub1
(
∂jU †b2
)
Ub2
]∣∣∣P + ∆2 〉
〈P |P 〉 ,
(2)
where Ub is the lightlike Wilson line from x
+ = −∞ to x+ = +∞ at fixed transverse position b. It
is easy to check from (2) the relations Gij (K,∆) = Gji (−K,∆) = (Gij(−K,−∆))∗. The general
parameterization is thus1
Gij (K,∆) ≡ δijG1+
(
KiKj
K2
− δ
ij
2
)
K2
M2
G2+
(
∆i∆j
∆2
− δ
ij
2
)
∆2
M2
G3+
(
Ki∆j −∆iKj
M2
)
G4, (3)
1 Naively, there is another term proportional to the tensor structure Ki∆j+Kj∆i−K ·∆δij . However, as pointed
out in [32], this term is not independent and can be absorbed in G2,3. See, also, [5].
3where M is the nucleon mass. G1,2,3,4 are all real and depend on K2, ∆2 and (K ·∆)2. In the
forward limit∆ = 0, G1 and G2 reduce to the unpolarized and linearly polarized WW gluon TMDs,
respectively. The K-integral of G3 is proportional to the gluon transversity GPD which in turn
is related to the so-called elliptic gluon Wigner distribution [24]. From what we know about the
latter distribution [12, 18, 22], we presume that G3 is numerically small, on the order of a few
percent effect compared to G1,2.
Various experimental processes have been identified to probe the WW gluon TMD [11]. On the
other hand, the measurement of the GTMDs is more challenging, and most of the proposals so
far concern the dipole gluon GTMD whose treatment is somewhat simpler because of its relation
to the dipole S-matrix [12]. In this paper, we show that double quarkonium production in pp
collisions pp → M1M2pX is a very sensitive observable for the WW gluon GTMD. This is a
natural extension of the previous observation [34] (see, also, [33]) that the WW gluon TMD can be
probed in single quarkonium production pp→MX. The hard subprocess and the full process are
respectively depicted in Fig. 1 and in Fig. 3. Two gluons are emitted from the projectile proton
and scatter off the shockwave field created by the target proton. In the final state, we measure two
quarkonia with momentum K1 and K2 in the forward region as well as the elastically scattered
target with momentum transfer ∆ = K1 + K2 in the backward region. To lowest order, the
shockwave consists of two gluons in the t-channel, and we can view this diagram as the square
of the gg∗ → M amplitude. This means that the produced quarkonia must be C-even states,
such as ηc and χcJ (and their bottomonium counterparts). We study this process in the ‘hybrid
factorization’ approach (collinear gluons from one proton and non-collinear gluons from the other
proton) and show that the cross section can be written as a convolution of the square of the WW
gluon GTMD of the target and the double gluon PDF of the projectile.
It should be mentioned that a very similar idea came out recently in Ref. [31] where the authors
proposed to measure the gluon GTMD (including its spin dependence) in doubly-diffractive double
ηc production pp → ppηcηc for moderate values of x. Their argument is limited to the two-gluon
exchange level where the difference between WW and dipole distributions becomes immaterial. Our
process is single-diffractive and we do not consider spin effects. Instead, we focus on the forward,
small-x region and carefully examine the structure of the relevant Wilson lines. Our result suggests
that the GTMD discussed in [31] likely becomes the WW GTMD once higher order rescattering
effects are taken into account.
III. QUARKONIUM PRODUCTION AMPLITUDE
A. Single quarkonium production
As a warm-up, we first compute the amplitude for the single quarkonium production in the
hybrid factorization approach combined with the non-relativistic QCD (NRQCD) framework. Re-
lated calculations can be found in the literature, e.g., [33, 34]. The right-moving projectile proton
is treated as a dilute object, i.e. partons are extracted from the projectile using regular Parton
Distribution Functions, whereas the left-moving target is treated as a showckwave. The subampli-
tude for the open production of a massive qq¯ pair from a gluon (see Fig. 2) can be straightfowardly
4K1
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FIG. 1. Production of 2 quarkonia from 2 gluons
written as, in D = d+ 2 dimensions,2
(Aσ)c = −ig
∫
dDz0u¯ (pq, z0) γ
µtbεcbµ (k, z0) v (pq¯, z0) , (7)
where, with similar methods as in [35, 36] one can derive the effective quark, antiquark and gluon
lines as obtained for example in [17, 37]:
u¯ (pq, z0) =
1
2
(
p+q
2π
) d
2 ∫
ddx1e
ip+q
(
z−0 −
(x1−z0)
2
2z+
0
+i0
)
−ipq·x1+i
z
+
0
2p+q
(m2+i0)
×
(
i
z+0
) d
2
u¯pqγ
+
[
Ux1θ
(−z+0 )+ θ (z+0 )]
(
γ− − /x1⊥ − /z0⊥
z+0
+
m
p+q
)
, (8)
v (pq¯, z0) =
1
2
(
p+q¯
2π
) d
2 ∫
ddx2e
ip+q¯
(
z−0 −
(x2−z0)
2
2z+0
+i0
)
−ipq¯·x2+i
z
+
0
2p+q¯
(m2+i0)
×
(
i
z+0
)d
2
(
γ− − /x2⊥ − /z0⊥
z+0
− m
p+q¯
)[
U †x2θ
(−z+0 )+ θ (z+0 )] γ+vpq¯ , (9)
εbaµ (k, z0) =
(
k+
2π
) d
2
∫
ddx0e
−ik+
(
z−0 −
(x0−z0)
2
2z+
0
−i0
)
+ik·x0
×
(−i
z+0
) d
2
(
g⊥µσ +
x0⊥σ − z0⊥σ
z+0
n2µ
)[
U bax0θ
(
z+0
)
+ δabθ
(−z+0 )] εσk⊥. (10)
2 Our notation is as follows: We define two lightlike vectors n1, n2 such that the projectile flies along n1 and the
target flies along n2, and such that n1 · n2 = 1. Lightcone coordinates are then defined as
k
µ
≡ k
+
n
µ
1 + k
−
n
µ
2 + k
µ
⊥
, (4)
k · l ≡ k
+
l
− + k−l+ + k⊥ · l⊥ ≡ k
+
l
− + k−l+ − (k · l). (5)
The metric tensor will be decomposed into its longitudinal and transverse parts as
g
µν
≡ n
µ
1n
ν
2 + n
ν
1n
µ
2 + g
µν
⊥
. (6)
5k,x0
pq¯ ≡ K2 − q,x2
pq ≡ K2 + q,x1
FIG. 2. Open charm production
In the above, m is the heavy quark mass and we have kept the transverse momentum of the
incoming gluon k. U is the Wilson line which arises after the eikonal interaction with the target
field A−
Ux ≡ Peig
∫
∞
−∞
dx+A−(x), (11)
We will use the conventions that lines with color indices as superscrispts Uabx are in the adjoint
representation while lines without color indices are in the fundamental representation.
Integrating over the interaction point z0, we get
(Aσ)c = εσk⊥u¯pqMcσvpq¯ , (12)
where
Mcσ = −
ig
2
(2π) δ
(
p+q + p
+
q¯ − k+
)(p+q p+q¯ k+
2π
) d
2
×
∫
ddx1d
dx2d
dx0e
−ipq·x1−ipq¯·x2+ik·x0δ
(
p+q x1 + p
+
q¯ x2 − k+x0
)
×
[
1
z+0
(
γ⊥σ/x12⊥ − 2
p+q¯
k+
x12⊥σ
)
−m k
+
p+q p
+
q¯
γ⊥σ
]
γ+ (13)
×

(−i) d2 ∫ 0
−∞
dz+0
(−z+0 )− d2 (Ux1tcU †x2) ei
k+(m2−i0)
2p+q p
+
q¯
z+0 −i
p
+
q p
+
q¯ x
2
12
2k+
1+i0
z
+
0
+i
d
2
∫ +∞
0
dz+0
(
z+0
)− d
2
(
tdU cdx0
)
e
i
k+(m2+i0)
2p+q p
+
q¯
z+0 −i
p
+
q p
+
q¯ x
2
12
2k+
1−i0
z
+
0

 .
Using the integrals, for Q,Z > 0:
∫ 0
−∞
dz+
(−z+)−n ei(Q−i0)z+−iZ+i0z+ = 2 (−i)1−n
(√
Z
Q
)1−n
Kn−1
(
2
√
QZ
)
(14)∫ +∞
0
dz+
(
z+
)−n
ei(Q+i0)z
+−iZ−i0
z+ = 2i1−n
(√
Z
Q
)1−n
Kn−1
(
2
√
QZ
)
,
6we get
Mcσ = igδ
(
p+q + p
+
q¯ − k+
) ∫
ddx1d
dx2d
dx0e
−ipq ·x1−ipq¯·x2+ik·x0 (15)
× (2π) δ (p+q x1 + p+q¯ x2 − k+x0)
(
m (k+)
2
2π |~x12|
) d
2 (
Ux1t
cU †x2 − tdU cdx0
)
×
[
K d
2
(m |x12|)
(
γ⊥σ/x12⊥ − 2
p+q¯
k+
x12⊥σ
)
− i |x12|K d
2
−1 (m |x12|) γ⊥σ
]
γ+.
In four dimensions and after a few simple changes of variables, this can finally be rewritten as the
known result:
Mcσ = imgδ(K+ − k+)
∫
d2bd2re
−i(K−k)·b+iq+( k
K+
− q
q+
)·r
(
Ub+ r
2
tcU †
b− r
2
− tdU cdb
)
(16)
×
[
γ⊥σ/r⊥ − (1− 2 q
+
K+
)r⊥σ
|r| K1 (m |r|)− iK0 (m |r|) γ⊥σ
]
γ+.
Our next step is to convolute this amplitude with the transition probability to a quarkonium in
the NRQCD approach where one expands the charmonium wavefunction as a series in powers of
the relative velocity of its constituents. As we have noted already, we shall be interested in C-
even quarkonia, η and (χJ)J=0,1,2. The corresponding projectors for the pseudoscalar n
2s+1L0 and
vector n2s+1L1 states are
Π0 ≡ 1√
8m3
(
/K
2
− /q −m
)
γ5
(
/K
2
+ /q +m
)
,
(17)
Πρ1 ≡
1√
8m3
(
/K
2
− /q −m
)
γρ
(
/K
2
+ /q +m
)
.
Then the perturbative part of the 1S0 wave and
3PJ wave transitions read respectively:
Aσ,c (1S0) ≡ [Tr (Π0(Mσ)c)]q=0
=
√
2mgδ(K+ − k+)K+
∫
d2rd2be−i(K−k)·b
(
Ub+ r
2
tcU †
b− r
2
− UbtcU †b
)
×ǫσ⊥µ⊥+− r⊥µ|r| K1 (m |r|) , (18)
7and
Aσ,c (3PJ) ≡ ερµ(J)
[
d
dqρ
Tr (Π1µ(Mσ)c)
]
q=0
(19)
= ig
√
2mε(J)ρµδ(K
+ − k+)
∫
d2rd2be−i(K−k)·b
×
{
r⊥αK0 (m |r|)
(
K+gσµ⊥ −Kσ⊥nµ2
)
(20)
×
[(
gαρ⊥ −
kα⊥
K+
nρ2
)(
Ub+ r
2
tcU †
b− r
2
)
−
(
gαρ⊥ −
Kα⊥
K+
nρ2
)(
Ubt
cU †b
)]
+
r⊥αK1 (m |r|)
m |r|
(
Ub+ r
2
tcU †
b− r
2
− UbtcU †b
)
×
[
K+(gρσ⊥ g
αµ
⊥ − gαρ⊥ gσµ⊥ ) + (Kµgασ⊥ +Kα⊥gσµ⊥ −Kσ⊥gαµ⊥ )nρ2
+(Kσ⊥g
αρ
⊥ −Kα⊥gρσ⊥ − gασ⊥
m2
K+
nρ2)n
µ
2
]}
.
Next we use the fact that the modified Bessel functions are peaked around 0 to expand the
integrand as ∫
d2rKn(m|r)F (r) ≈
∫
d2r
[
Kn(m|r|)F (0) +Kn(m|r|)∂µ⊥∂µF (0)
]
. (21)
and perform the d2r integrals ∫
d2rK0 (m |r|) r⊥αrν⊥ = −
4π
m4
gν⊥α
(22)∫
d2r
K1 (m |r|)
m |r| r⊥αr
ν
⊥ = −
2π
m4
gν⊥α.
Finally, we notice that the leading NRQCD contribution for η mesons and for χJ mesons are
color singlet contributions for 1S0 and for
3PJ waves, respectively. Introducing the NRQCD long
distance matrix elements (LDME’s) and the color singlet projector
δij
Nc
〈Oη (1S10)〉 12 , δijNc
〈OχJ (3P 1J )〉 12 , (23)
(ij are color indices and the second superscript ‘1’ denotes color singlet) we arrive at the gluon-to-
meson transition amplitudes:
Aσ,c(η) = 2gπ
m3
√
2mδ(K+ − k+)
∫
d2be−i(K−k)·b
1
Nc
Tr
[(
∂νU
†
b
)
Ubt
c
]
×K+ǫσ⊥ν⊥+− 〈Oη (1S10)〉 12 (24)
for η transitions, and
Aσ,c(χJ) = 2gπ
m3
√
2mδ(K+ − k+)
∫
d2be−i(K−k)·b
1
Nc
Tr
[(
∂αU
†
b
)
Ubt
c
]
× i
m
ε(J)ρµPσαρµ
〈OχJ (3P 1J )〉 12 , (25)
8for χJ transitions. We used the transversity condition K
ρεJρµ = 0 to obtain (25). The tensor
structure in (25) reads
Pσαµρ ≡ K+(gσµ⊥ gαρ⊥ + gαµ⊥ gρσ⊥ )− (Kσ⊥gαρ⊥ +Kα⊥gρσ⊥ )nµ2
+
[
(Kα⊥ − 2kα⊥)gσµ⊥ −Kσ⊥gαµ⊥
]
nρ2 +
2
K+
(
kα⊥K
σ
⊥ − 2m2gασ⊥
)
nµ2n
ρ
2. (26)
We shall use the following compact notation which summarizes the above results
Aσ,c(2S+1LJ) ≡ 2gπ
m3
√
2mδ(K+ − k+) 〈OM (2S+1L1J)〉12
×
∫
d2be−i(K−k)·b
1
Nc
Tr
[(
∂αU
†
b
)
Ubt
c
]
(27)
×Pσα(2S+1LJ),
where the tensor structures read
Pσα(3S0) ≡ K+ǫσ⊥α⊥+−, (28)
Pσα(3PJ) ≡ i
m
ε(J)ρµPσαρµ. (29)
In Appendix A, we compute the single-inclusive cross section of 3S0 and
3PJ states in pp (or pA)
collisions, in order to check the compatibility our results with the single-inclusive J/ψ production
computed in [33].
B. Double quarkonium production
We are now ready to write down the generic diffractive amplitude for the process gg →
M1
(
2S1+1L1J1
)
M2
(
2S2+1L2J2
)
. We basically square the g → M amplitude (27) and project onto
the color singlet state. First let us assume that the final state consists of a cc¯ quarkonium and a
bb¯ quarkonium. In this case the formula
Tr
[
Ub1t
a
(
∂α1U
†
b1
)]
Tr
[
Ub2t
a
(
∂α2U
†
b2
)]
=
1
2
Tr
[(
∂α1U
†
b1
)
Ub1
(
∂α2U
†
b2
)
Ub2
]
(30)
immediately gives the core structure of the WW GTMD (2). The full amplitude is
(Sσ1σ2) (M1,M2)
=
4g2π2√
m51m
5
2
δ(K+1 − k+1 )δ(K+2 − k+2 )
N2c (N
2
c − 1)
∫
d2b1d
2b2e
−i(K1−k1)·b1−i(K2−k2)·b2 (31)
×
〈
P ′T
∣∣∣Tr [(∂α1U †b1
)
Ub1
(
∂α2U
†
b2
)
Ub2
]∣∣∣PT〉
× 〈OM1 (2S1+1L11J1)〉12 〈OM2 (2S2+1L12J2)〉 12 Pσ1α1(M1)Pσ2α2(M2).
A complication arises when the pair consists of quarkonia with the same flavor. In this case, there
exists an ‘exchange’ diagram in which a quark from one gluon recombines with an antiquark from
the other gluon and the remaining qq¯ pair forms the second quarkonium. In order for this process
to occur, the two quarks and antiquarks have to be all within the distance of order 1/m. We thus
9cannot simply Taylor-expand the Wilson line separately in each gluon wavefunction as we have
done above. Instead we must go back to the original expression and find the structure
Tr
[
Ux1t
cU †x2Uy1t
cU †y2
]
=
1
2
Tr
[
U †x2Uy1
]
Tr
[
U †y2Ux1
]
− 1
2Nc
Tr
[
Ux1U
†
x2
Uy1U
†
y2
]
, (32)
which is not associated with the WW gluon distribution. While this may seem a problem, it
is intuitively clear that such a contribution is negligible in the limit of large quark mass. The
probability to find all the four quarks and antiquarks within a small area of order 1/m2 is power
suppressed compared to the ‘direct’ contribution (see Fig 1). However, this suppression is difficult
to see in the NRQCD framework where to leading order one just multiplies the partonic cross
section by the constant LDMEs. We think this is an artifact of the NRQCD approach, and the
exchange diagram will be suppressed in a more complete treatment of the problem. Therefore,
while (32) and similar results below are valid for the production of a different-flavor pair, strictly
speaking, we think they can be also used for a same-flavor pair up to small corrections.
Before leaving this section, we should comment on the color-octet production mechanism. In
NRQCD, quarkonia can be produced in a color-octet state [43]. It is well known that, in the
collinear factorization framework, the color octet contribution actually dominates over the color-
singlet contribution for J/ψ production, and this is also the case for χc production at large trans-
verse momentum [44]. In this paper, we instead focus on low transverse momentum quarkonia
production pT ∼ m where the color-singlet channel may actually dominate [44], although the
NRQCD factorization in this region needs further investigation to clarify this issue.3 On the other
hand, it has been found that ηc production is always dominated by the color-singlet channel in
the whole range of transverse momentum [45, 46]. Moreover, in the kT -factorization approach, χc
production is clearly dominated by the color-singlet channel [47, 48]. Indeed, in the χJ=1 produc-
tion channel which will be our main focus, the subprocess gg∗ → χsinglet1 is not forbidden by the
Landau-Yang theorem because one of the gluons is off-shell in the kT and hybrid factorizations,
although it is forbidden in the collinear factorization. As we are considering the forward production
of quarkonia at low to moderate pT , the use of kT or hybrid factorization is more appropriate. We
thus concentrate on the color-singlet production mechanism in this paper, and leave the color-octet
case for future work.
IV. HYBRID FACTORIZATION WITH DOUBLE SCATTERING
A. Double gluon PDF
The 2 gluons-to-2 quarkonia production amplitude (31) is to be squared and convoluted with
the double gluon distribution of the projectile proton with momentum PP . In doing so, one has
to be careful about the fact that the Lorentz indices (σ1σ2) of the gluons in the amplitude and
the complex-conjugate amplitude can in general be different. This forces us to consider the most
3 From our derivation we find that the color-octet contribution is not sensitive to the WWW distribution that we are
after. A cleaner approach approach to avoid this problem is to consider doubly diffractive events, pp→ pM1M2p
as in [31] The cross section is then quartic in the proton Wign
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general double gluon PDF [49]
Fa1a2 (x1, x2,k1,k2, q) (33)
=
2
x1x2P
+
P
∫
d2k1d
2k2
∫
dr−
2π
dz−
2π
d2r
(2π)2
d2z
(2π)2
eix1P
+
P
r−+ix2P
+
P
z−−ik1·r−ik2·z
×
∫
dy−d2y eiq·y
〈
PP
∣∣∣Πii′a1G+i′ (−r2
)
G+i
(r
2
)
Πjj
′
a2
G+j
′
(
y − z
2
)
G+j
(
y +
z
2
)∣∣∣PP〉
y+=r+=z+=0
,
where a1,2 = {g,∆g, δg} and Πii′g ≡ δii
′
, Πii
′
∆g ≡ iǫii
′
, Πii
′
δg ≡ τ ii
′,ll′ ≡ 12
(
δilδi
′l′ + δil
′
δi
′l − δii′δll′
)
are respectively the unpolarized, longitudinally polarized and linearly polarized projectors. The
momentum q is conjugate to the relative transverse coordinate of the two gluons, and its dependence
cannot be completely eliminated [49].
B. Polarization sum
For unpolarized quarkonium production, we square the amplitude (31) and sum over quarko-
nium polarizations:
Pσα (3S0)Pσ′α′ (3S0) = (K+)2 ǫσ⊥α⊥+−ǫσ′⊥α′⊥+−, (34)
Pσα (3PJ)Pσ′α′ (3PJ) =∑
pol
ε(J)ρµε(J)ρ′µ′
m2
PσαρµPσ′α′ρ′µ′ , (35)
where the indices in the complex conjugate amplitude are denoted with a prime. This can be
evaluated explicitly using the following result for 3PJ polarization sums:
ε(0)ρµε
∗
(0)ρ′µ′ =
1
3
ΠρµΠρ′µ′ ,
∑
ε(1)ρµε
∗
(1)ρ′µ′ =
1
2
(
Πρρ′Πµµ′ −Πρµ′Πρ′µ
)
, (36)
∑
ε(2)ρµε
∗
(2)ρ′µ′ =
1
2
(
Πρρ′Πµµ′ +Πρµ′Πρ′µ
)− 1
3
ΠρµΠρ′µ′ ,
where
Πρµ ≡ −gµρ + PµPρ
4m2
, (37)
and the contractions
ΠρµΠρ′µ′KσαρµKσ′α′ρ′µ′ = 9
(
K+
)2
gασ⊥ g
α′σ′
⊥ ,
Πρρ′Πµµ′PσαρµPσ′α′ρ′µ′ =
(
K+
)2 2gαα′⊥ gσσ′⊥ + 2gασ′⊥ gα′σ⊥ + gα′σ′⊥ gασ⊥ − gσσ′⊥ (K
α
⊥ − kα⊥)
(
Kα
′
⊥ − ℓα
′
⊥
)
m2

 ,
Πρµ′Πρ′µPσαρµPσ′α′ρ′µ′ =
(
K+
)2 [
2gασ
′
⊥ g
α′σ
⊥ + 2g
αα′
⊥ g
σσ′
⊥ + g
ασ
⊥ g
α′σ′
⊥
]
. (38)
11
PP PP
P + ∆
2
P − ∆2
K2
K1
x2PP − q2
x1PP +
q
2 x1PP − q2
x2PP +
q
2
P + ∆
2
FIG. 3. Production of a quarkonium pair in hybrid factorization with double scattering on the projectile
side
The result is
Pσα (3P0)Pσ′α′ (3P0) = 3(K+)2
m2
gασ⊥ g
α′σ′
⊥
Pσα (3P1)Pσ′α′ (3P1) = −(K+)2
2m4
(Kα⊥ − kα⊥)
(
Kα
′
⊥ − ℓα
′
⊥
)
gσσ
′
⊥ (39)
Pσα (3P2)Pσ′α′ (3P2) = 2 (K+)2
m2

gαα′⊥ gσσ′⊥ − gασ⊥ gα′σ′⊥ + gασ′⊥ gα′σ⊥ − (K
α
⊥ − kα⊥)
(
Kα
′
⊥ − ℓα
′
⊥
)
4m2
gσσ
′
⊥

 .
Note that we wrote these quantities with distinct incoming gluon transverse momenta in the am-
plitude k⊥ and in the complex conjugate amplitude ℓ⊥. This is required for the proper use of the
double PDF (33).
C. Full cross section
We now have all the machinery to finally compute the full differential cross section. This is
straightforward but tedious, as we have to consider all possible Lorentz index structures, namely,
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G1,2,3,4 from (3) and a1,2 = {g,∆g, δg} in (33). The generic result is
dσ (M1,M2)
dY1dY2d2∆d2K
=
α2s
16m51m
5
2N
4
c (N
2
c − 1)2
〈OM1 (2S1+1L11J1)〉 〈OM2 (2S2+1L12J2)〉
×x1x2
∫
d2q
[
δii
′
δjj
′Fg,g (x1, x2, q)− iδii′ǫjj′Fg,∆g (x1, x2, q) + 2δii′τ jj′,nn′Fnn′g,δg (x1, x2, q)
−iǫii′δjj′F∆g,g (x1, x2, q)− ǫii′ǫjj′F∆g,∆g (x1, x2, q)− 2iǫii′τ jj′,nn′Fnn′∆g,δg (x1, x2, q) (40)
+2δjj
′
τ ii
′,mm′Fmm′δg,g (x1, x2, q)− 2iǫjj
′
τ ii
′,mm′Fmm′δg,∆g (x1, x2, q) + 4τ jj
′,nn′τ ii
′,mm′Fmm′,nn′δg,δg (x1, x2, q)
]
×Πii′,kk′1 (M1)Πjj
′,ℓℓ′
2 (M2)xGkℓ
(
K − q
2
,∆
)
xGk′ℓ′∗
(
K +
q
2
,∆
)
,
where xi ≡ K
+
i
P+
P
, ∆ ≡K1 +K2, and from now on, K ≡ K1−K22 . Yi the rapidity of meson Mi, and
the hard subparts Π1,2 are given by
Πii
′,kk′
1 (η) = δ
ii′δkk
′ − δik′δi′k,
Πii
′,kk′
1 (χ0) = 3
δikδi
′k′
m21
, (41)
Πii
′,kk′
1 (χ1) =
(
Kk + ∆
k−qk
2
)(
Kk
′
+ ∆
k′+qk
′
2
)
2m41
δii
′
,
Πii
′,kk′
1 (χ2) =
2
m21

δii′δkk′ − δikδi′k′ + δi′kδik′ +
(
Kk + ∆
k−qk
2
)(
Kk
′
+ ∆
k′+qk
′
2
)
4m21
δii
′

 ,
for meson 1 and
Πjj
′,ℓℓ′
2 (η) = δ
jj′δℓℓ
′ − δjℓ′δj′ℓ,
Πjj
′,ℓℓ′
2 (χ0) = 3
δjℓδj
′ℓ′
m22
, (42)
Πjj
′,ℓℓ′
2 (χ1) =
(
Kℓ − ∆ℓ−qℓ2
)(
Kℓ
′ − ∆ℓ
′
+qℓ
′
2
)
2m42
δjj
′
,
Πjj
′,ℓℓ′
2 (χ2) =
2
m22

δjj′δℓℓ′ − δjℓδj′ℓ′ + δj′ℓδjℓ′ +
(
Kℓ − ∆ℓ−qℓ2
)(
Kℓ
′ − ∆ℓ
′
+qℓ
′
2
)
4m22
δjj
′

 ,
for meson 2. Interestingly, the intrinsic momentum q of the double PDF enters the argument of
the WW GTMD. Physically, q is conjugate to the relative distance of the two quarkonia. More
precisely, it is conjugate to
b1+b
′
1
2 −
b2+b
′
2
2 where b1,2 is as in (31) and b
′
1,2 are the corresponding
coordinates in the complex-conjugate amplitude.
13
V. EXPLICIT CROSS SECTIONS
In the following, we will assume that |K| ≫ |q|. The dependence on q is then completely
absorbed in the projectile Double PDF. We will thus define the integrated double PDFs
Fa1,a2 (x1, x2) ≡
∫
d2qFa1,a2 (x1, x2, q) . (43)
At this point, we can already cancel some contributions. Indeed the symmetry and tracelessness
properties of the (a1 = g, a2 = δg) double PDF allows one to write it as:
Fmng,δg (x1, x2, q) =
(
qmqn
q2
− δ
mn
2
)
q2
M2P
Hg,δg
(
x1, x2, q
2
)
, (44)
where MP is the projectile’s mass. It is then easy to show that the integral given in 43 cancels for
this integrated double PDF. Similarly, we can cancel the (a1 = δg, a2 = g) integrated double PDF.
It will also be useful to write the (a1, a2) = (δg, δg) integrated double PDF as
Fmm′,nn′δg,δg (x1, x2) ≡
1
2
(
δmnδm
′n′ + δmn
′
δm
′n − δmm′δnn′
)
Hδg,δg (x1, x2) . (45)
A. χ1χ1 cross section
We find that the most concise formula is obtained for the double χJ=1 production. It is given
by
dσ (χf11, χf21)
dY1dY2d2∆d2K
=
x1x2Fg,g (x1, x2)
64m91m
9
2N
4
c (N
2
c − 1)2
α4s
〈
Oχf11
(
3P 11
)〉〈Oχf21 (3P 11 )
〉
×
∣∣∣∣
(
Ki +
∆i
2
)(
Kj − ∆
j
2
)
xGij (K,∆)
∣∣∣∣
2
, (46)
with f1,2 the meson flavors. To check that the right hand side has the correct dimensions, we note
that dimG = −2, dimF = 2, and dim 〈Oχ〉 = 5 (dim 〈Oη〉 = 3). Explicitly, the second line of (46)
reads
∣∣∣∣
(
Ki +
∆i
2
)(
Kj − ∆
j
2
)
xGij (K,∆)
∣∣∣∣
2
= K4
∣∣∣∣∣
(
1− ∆
2
4K2
)
G1 +
(
1− (K ·∆)
2
2K4
+
∆2
4K2
)
K2
2M2
G2 (47)
−
(
∆2
2M2
− (K ·∆)
2
K2M2
+
∆4
8K2M2
)
G3 −
(
∆2
M2
− (K ·∆)
2
K2M2
)
G4
∣∣∣∣∣
2
≈K4
(
G1 + K
2
2M2
G2
)2
, (48)
where the last line is obtained by assuming |K| ≫ |∆|. Remarkably, the cross section is directly
proportional to the WW GTMD squared, without any convolution in momentum.
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B. All averaged cross sections
We will now present all the full cross sections for our (M1,M2) process, for Mi ∈ {η, χ0, χ1, χ2}.
In order to get rid of the contributions with a longitudinally polarized double PDF, we will take the
average w.r.t. the angle between K and∆. This allows to keep only Fg,g(x1, x2) and Hδg,δg(x1, x2)
as the non-perturbative distributions on the projectile side, since our goal is to focus rather on the
non-perturbative effects on the target side.
1. (χ1χ1)
∫ 2π
0
dφ
2π
dσ (χf11, χf21)
dY1dY2d2Kd∆
2
=
α4sx
2K4
32m91m
9
2N
4
c (N
2
c − 1)2
x1x2Fg,g (x1, x2)
〈
Oχf11
(
3P 11
)〉〈Oχf21 (3P 11 )
〉
(49)
×
[(
G1 + K
2
2M2
G2
)2
− ∆
2
2K2
(
G1 + K
2
2M2
G2
)(
G1 + 2K
2
M2
G4
)]
.
2. (χ1χ0)
∫ 2π
0
dφ
2π
dσ (χ1, χ0)
dY1dY2d2Kd∆
2
=
3α4sx
2K2
32m91m
7
2N
4
c (N
2
c − 1)2
x1x2Fg,g (x1, x2)
〈Oχ1 (3P 11 )〉 〈Oχ0 (3P 10 )〉
×
[(
G1 + K
2
2M2
G2
)2
+
∆2
4K2
(
G21 +
K4
4M4
(G22 − 8G2G4 + 8G24)
)]
(50)
3. (χ1χ2)
∫ 2π
0
dφ
2π
dσ (χ1, χ2)
dY1dY2d2Kd∆
2
=
α4sK
2x2
8m71m
7
2N
4
c (N
2
c − 1)2
〈Oχ1 (3P 11 )〉 〈Oχ2 (3P 12 )〉 (51)
×x1x2Fg,g (x1, x2)
{(
1 +
K2
4m22
)(
G1 + K
2
2M2
G2
)2
+
∆2
4K2
[(
1 +
K2
m22
)
G21 +
3K4
4m22M
2
G1G2 + K
4
4M4
(
1 +
K2
2m22
)
G22 − 2
K4
M4
(G2 − G4)G4
]}
15
4. (χ1η)
1
2π
∫ 2π
0
dφ
dσ (χ1, η)
dY1dY2d∆
2d2K
=
α4sx
2K2
32m71m
5
2N
4
c (N
2
c − 1)2
x1x2Fg,g (x1, x2)
〈Oχ1 (3P 11 )〉 〈Oη (1S10)〉 (52)
×
[(
G1 + K
2
2M2
G2
)2
+
∆2
4K2
(
G21 +
K4
4M4
(G22 − 8G2G4 + 8G24)
)]
5. (χ0χ0)
∫ 2π
0
dφ
2π
dσ (χf10, χf20)
dY1dY2d2Kd∆
2
=
9α4sx
2
16m71m
7
2N
4
c (N
2
c − 1)2
〈
Oχf10
(
3P 10
)〉〈Oχf20 (3P 10 )
〉
×
{
x1x2Fg,g (x1, x2)
(
G21 +
K4
4M4
G22 +
K2∆2
2M4
G24
)
(53)
+4x1x2Hδg,δg (x1, x2)
[
G21 − 2
∆2
M2
(
G1G3 − K
2
4M2
G24
)]}
6. (χ0χ2)
∫ 2π
0
dφ
2π
dσ (χ0, χ2)
dY1dY2d2Kd∆
2
=
3α4sx
2
16m71m
7
2N
4
c (N
2
c − 1)2
x1x2Fg,g (x1, x2)
〈Oχ0 (3P 10 )〉 〈Oχ2 (3P 12 )〉
×
[
4G21 +
K4
M4
G22 +
K2
2m22
(
G1 + K
2
2M2
G2
)2
(54)
+
∆2
8M2
(
M2
m22
G21 + 16
K2
M2
G24 +
K4
4m22M
2
(G22 + 8G2G4 + 8G24)
)]
7. (χ0η)
∫ 2π
0
dφ
2π
dσ (χ0, η)
dY1dY2d2Kd∆
2
=
3α4sx
2
16m71m
5
2N
4
c (N
2
c − 1)2
〈Oχ0 (3P 10 )〉 〈Oη (1S10)〉{
x1x2Fg,g (x1, x2)
(
G21 +
K4
4M4
G22 +
K2∆2
2M4
G24
)
(55)
−4x1x2Hδg,δg (x1, x2)
[
G21 − 2
∆2
M2
(
G1G3 − K
2
4M2
G24
)]}
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8. (χ2χ2)
∫ 2π
0
dφ
2π
dσ (χf12, χf22)
dY1dY2d2Kd∆
2
=
α4sx
2
8m71m
7
2N
4
c (N
2
c − 1)2
x1x2Fg,g (x1, x2)
〈
Oχf12
(
3P 12
)〉〈Oχf22 (3P 12 )
〉
×
{
8
(
G21 +
K4
4M4
G22
)
+
(
K2
m21
+
K2
m22
+
K4
4m21m
2
2
)(
G1 + K
2
2M2
G2
)2
+
∆2
32m21m
2
2
[
8G21
(
K2 +m21 +m
2
2
)
+ 6K2
K2
M2
G1G2 + K
4
M4
(
K2 + 2m21 + 2m
2
2
)G22
]
(56)
+
∆2
2m21m
2
2
K2
M2
[(
m21 −m22
) K2
M2
G2G4 +
(
K2m21
M2
+
K2m22
M2
+ 8
m21m
2
2
M2
)
G24
]}
9. (χ2η)
∫ 2π
0
dφ
2π
dσ (χ2, η)
dY1dY2d2Kd∆
2
=
α4sx
2
16m71m
5
2N
4
c (N
2
c − 1)2
〈Oχ2 (3P 12 )〉 〈Oη (1S10)〉 (57)
×x1x2Fg,g (x1, x2)
[
4
(
G21 +
K4
4M4
G22
)
+
K2
2m21
(
G1 + K
2
2M2
G2
)2
+
∆2
8m21
(
G21 +
K4
4M4
(G22 − 8G2G4 + 8G24)+ 16K2M2 m
2
1
M2
G24
)]
10. (ηη)
∫ 2π
0
dφ
2π
dσ (ηf1 , ηf2)
dY1dY2d2Kd∆
2
=
α4sx
2
16m51m
5
2N
4
c (N
2
c − 1)2
〈
Oηf1
(
1S10
)〉〈Oηf2 (1S10)
〉
×
{
x1x2Fg,g (x1, x2)
(
G21 +
K4
4M4
G22 +
K2∆2
2M4
G24
)
(58)
+4x1x2Hδg,δg (x1, x2)
[
G21 − 2
∆2
M2
(
G1G3 − K
2
4M2
G24
)]}
.
VI. CONCLUSIONS
In summary, in this paper we derive the diffractive double quarkonia production in pp and pA
collisions to probe the WW gluon GTMDs. In particular, we applied the double parton scattering
mechanism from the projectile, where the two gluons scatter off the nucleon/nucleus target diffrac-
tively to produce the final state two quarkonium states. The amplitudes are found to be sensitive
to the WW gluon GTMDs.
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More importantly, we found that the differential cross sections can be much simplified if we
integrate out the transverse momenta of the gluons from the projectile. The explicit expressions
show that the cross sections can be written as squared of the WW gluon GTMDs from the target.
Our result is a first example of direct access to the WW gluon GTMDs in hard diffractive pro-
cesses. Experimentally, this process may be a challenge to measure. We hope that our derivations
will stimulate further theoretical developments to explore the physics of GTMD and possibility to
measure them in experiments.
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Appendix A: Gluon to 1S0 and
3PJ waves transition in the hybrid formalism
For completeness, here we write down the cross section for the single-inclusive quarkonium
production gp → MX for 1S0 and 3PJ waves. Squaring (29) and using the projectors (34)–(38),
we find
dσg(M)
dK+d2K
=
αs
2m5Nc (N2c − 1)
δ(K+ − k+)
∫
d2bd2b′
(2π)2
eiK·(b
′−b)
×
〈
1
Nc
Tr
[
U †b(∂iUb)U
†
b′
(∂jUb′)
]〉
ϕij(2S+1LJ)
〈OM (2S+1L1J)〉 12 ,
where
ϕij(1S0) = δ
ij ,
ϕij(3P0) =
3δij
m2
, (A1)
ϕij(3P1) =
KiKj
m4
,
ϕij(3P2) =
4
m2
(
δij +
KiKj
4m2
)
,
and the brackets denote the forward matrix element 〈P |...|P 〉〈P |P 〉 , or equivalently the CGC averaging.
Taking the case where M = J/ψ and taking the small-dipole limit in the collinear limit of results
described in [33] shows full compatibility of the present results with previous calculations.
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